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I In the No-Boundary Universe a primordial black hole is created from a constrained gravitational 

, instanton. The black hole created is immersed in the de Sitter background with a positive gravita- 

O^' tional constant. The constrained instanton is characterized not only by the external parameters, the 



mass Parameter, cliarge and angular momentum, but also by one more internal parameter, the Iden- 
tification period in the imaginary time coordinate. Although the period has no effect on the black 
, hole background, its inverse is the temperature of the no-boundary State of the perturbation modes 

■ perceived by an observer. By using the Bogoliubov transformation, we show that the perturbation 

modes of both scalar and spinor fields are in thermal equilibrium with the black hole background at 
the arbitrary temperature. However, for the two extreme cases, the de Sitter and the Nariai modcls, 
the no-boundary State remains pure. 
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I. Introduction 



The First Cause Problem has been dispelled by the Hawking theory of quantum cosmology. 
The no-boundary proposal, in principle, has the power to predict the evolution of the universe 
and its matter content [1]. However, due to the technical difRculty, the calculation has only been 
carried out for some special models. At this moment it is believed that the Hawking massive scalar 
model is the most realistic one [2]. In this model, the evolution of the early stage in real time can 
be approximated by a de Sitter spacetime with an effective cosmological constant A. A de Sitter 
universe can be thought of as originating through a quantum transition from a Euclidean S'^ space. 
Since the 5^ space is the most Symmetrie manifold, it is conjectured that the de Sitter expansion is 
the most probable evolution in the Planckian era of the universe. 

On the other hand, a black hole is the simplest, i.e. the most beautiful object except for the 
universe itself in science. The discovery of Hawking radiation is the most dramatic event in gravita- 
tional physics for several decades [3]. Unfortunately, the time scale of evaporation for a macroscopic 
black hole is much longer than the age of the universe. The only hope to observe the radiation is 
from those microscopic black holes formed in the very early universe. These are so-called primordial 
black holes. A gravitational collapse of a matter fluctuation can lead to the black hole formation. 
However, in this paper we shall only consider the most interesting and dramatic way, that is, the 
black hole is quantum mechanically created at the same moment of the birth of the universe. If 
the evolution of the very early universe is dominated by the presence of the effective cosmological 
constant, then the primordial black hole should be immersed in the background of the de Sitter 
spacetime. Its metric can be described by a member of the Kerr-Newman-de Sitter family [4]. 

In quantum cosmology it was thought that, at the WKB level, the Lorentzian evolution could 
be obtained through an analytic continuation from a instanten at its equator S. This is true only 
for some special cases, like the de Sitter model and the Nariai model which represents a pair of 
black holes. Here, the black hole mass parameter takes two discrete values and rric = A~^/^/3, 
and the charge Q and angular momentum ma are vanishing [5] . The quantum creations of these 
two models have maximum and minimum probabilities, respectively, in comparison with black hole 
creation with different parameters m, Q and ma and the same cosmological constant. In general, if 
a wave function represents an ensemble of evolutions with continuous parameters, like the case of a 



2 



primordial black hole, thcn it is unlikcly that all thcsc trajcctorics of thc cnscmblc can bc obtained 
tlirough an analytic contimiation from an cnscmblc of instantons. Unlcss thc action is a constant 
function of thc paramctcrs, thcn thc action cannot bc stationary with rcspcct to thcm in thc ränge 
of thc paramctcrs. On the other hand, the condition for the existence of an instanten is that its 
action must bc stationary. 

It was rcalizcd rcccntly that a Lorcntzian cvohition docs not nccd to originatc from a regulär 
instanten. Instcad, a gcncralizcd vcrsion of an instanten can providc a sccd for thc cvohition. Whcn 
onc calculatcs thc crcation probability through a path integral, the sum is over all no-boundary 
compact 4-metrics with thc given S as its sector of thc quantum transition. Thc doniinating con- 
tribution is due to thc manifold with a stationary action. Consequcntly, thc manifold should satisfy 
the Einstein and other ficld equations evcrywhcrc with thc possible exccption of the equator E. This 
is derived from the variational calculation with the constraints imposed by thc 3-metric and matter 
fields on E. The stationary action Solution is callcd a constraincd gravitational instanten [6]. 

This is exactly what happens in the case of primordial black hole crcation. Here, thc topology 
of the Space is S'^ x S^, instead of S'^ in the de Sitter model. The constraincd instanten is obtained 
through a periodic idcntification of the imaginary time in the Euclidcan Solution. Ne peried can make 
the whelc manifold regulär except for the de Sitter model, the Nariai model or some special modcls. 
The idcntification will Icad to at Icast onc conical singularity at the black hole and cosmological 
horizons. It turns out that although thc Euclidcan action is not stationary with rcspcct to thc three 
Parameters m, Q and m,a which characterize thc 3-metric and matter fields on E, it is independent 
of thc period. Thus thc action is stationary undcr thc constraint imposed by thc configuration of 
the wave function at thc quantum transition surface. Therefore, we have found the constrained 
gravitational instanton [6]. 

The equator passes through the two horizons of the instanton. The Lorcntzian evolution emanates 
from the equator regardless of the Identification period. Furthermore, since at the WKB Icvel, the 
probability is the exponential of the negative of the instanton action, and we know the action is 
independent of the period, it foUows that there is no effect of the period on the background of 
spacetime. This is in sharp contrast with the case of a back hole immersed in an asymptotically 
flat Space. The instanton action of a asymptotically flat black hole does depend on the period. The 
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probability of our black hole crcation is thc cxponcntial of a quartcr of thc sum of thc black hole 
and cosniological horizons, or thc cxponcntial of thc total cntropy of thc miivcrsc. Thc probability 
is a dccrcasing function of thc magnitudcs of thcsc parameters. Therefore, our result Supports the 
claim that thc de Sittcr cvolution is most probable [6]. 

On thc othcr hand, if wc study thc quantum State of pcrturbation modcs in thc black hole back- 
ground, then thc no-bomidary proposal implies that it should be in thc minimum excitation State. 
Howevcr, an obscrvcr can only mcasiire thc configuration within his black hole and cosmological 
horizons. One has to take thc trace of thc wave function over thc unobserved configuration of the 
pcrturbation niode. Thc quantum State observed is describcd by a density matrix. This matrix 
reprcscnts a thermal equilibrium State with a temperature representcd by thc inverse of thc identi- 
fication period in imaginary timc. The arbitrarincss of thc period means that the fields can be in 
thermal equilibrium with thc black hole at any temperature. 

It is interesting to note that in the de Sitter modcl, thc black hole horizon disappears, whilc in 
the Nariai model, the two horizons degenerate. For both cases, nothing prevents an obscrvcr from 
mcasuring thc quantum State at the wholc equator. Therefore the associatcd temperature is zero. 
The arbitrarincss of the Identification period has effect neither on the background spacetime nor on 
the pcrturbation modcs. 

At thc WKB level, thc Wheclcr-DcWitt equation in quantum cosmology can be decomposed 
into two parts. One is for the background, the othcr is for the pcrturbation modcs, if wc ignore thc 
back reaction of the perturbations to thc background. Then a physical timc coordinate naturally 
emerges from thc wave packet for thc backgroimd. The second part of thc Wheclcr-DeWitt equation 
takes the form of the Schroedinger equation in the spacetime background. One shall work in thc 
framework of quantum fields in curved spacetime supplementcd by the no-boundary condition. 

Wc shall consider a massive scalar field and a massive spin-1/2 ficld in the Schwarzschild-de 
Sittcr background. By using the Bogoliubov transformation, we show that to an observcr whose 
Observation is always restricted by the two horizons, thc no-boundary quantum State of bosonic 
or fermionic fields presents a thermal equilibrium State with temperature being the inverse of the 
imaginary time period. Therefore, in the Schwarzschild-de Sitter spacetime, the quantum fields 
can coexist with the black hole at an equilibrium state with an arbitrary temperature. In the two 
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extreme cases, the de Sitter moclel and the Nariai model, since the topologies of the equators are 
difFerent from the nonextreme case, nothing prevents the observer from measuring the fields on the 
whole equators and the quantum states remain pure. 

We shah review the approaeh of eonstrained gravitational instanten in See. II. This method 
will be used in See. III to study the quantum State of the Kerr-Newman-de Sitter mctric family, 
whieh represents a Single primordial black hole immersed in de Sitter spaeetimc background. See. 
IV investigates the no-boundary quantum state of the sealar field in the baekground. A similar 
calculation is carried out for the spinor field in See. V. See. VI is a discussion of this. 

II. The eonstrained gravitational instanton 

In the No-Boundary Universe, the wave function of the universe is given by the Hartle-Hawking 
ground State [1] 

^^{h^J, 't') = j^^ d[g^^]d[<p\ exp(-/([v,, (1) 

where the path integral is over the class C of all compact Euclidean 4-metrics and matter field con- 
figurations which agree with the given 3-metrics hij of the only boundary and matter configuration 
(j) on it. Here / means the Euclidean action. 

The Euclidean action for the gravitational part of a smooth spacetime manifold M with boundary 
dM is 

/ = — [ {R-2A)- — [ K, (2) 

where A is the cosmological constant, R is the sealar curvature and K is the trace of the second 
fundamental form of the boundary. 

The dominant contribution to the path integral comes from some stationary action manifolds 
with matter fields on them, which are the saddle points for the path integral. Then the wave function 
takes a superposition form of wave packets 

^ füCexp{-S/n), (3) 

where we have written h explicitly; C is a slowly varying prefactor; and S = Sr + iSt is a complex 
phase. S is identified with the action I here. 
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Sincc thc wavc packcts of form (3) arc not indcpcndcnt in thc dcconiposition of thc wavc function, 
onc morc restriction should bc imposcd. That is, thc wavc packcts thcmsclvcs should obcy thc 
Whcclcr-DcWitt equation. Classicahy, this mcans that thc cvolutions rcprcscntcd by thc wave 
packet should satisfy thc Einstein equation with somc quantum corrcctions, as will bc shown bclow. 

From thc Hartlc-Hawking proposal one can derive the probability of the 3-surface S with the 
matter field f/' on it 



where the class C is composed of all no-boundary compact Euclidean 4-metrics and matter field 
configurations which agree with the given 3-metric hij and the matter field tjj on Y,. We shall 
concentrate on the 3-geometries at which a quantum transition from a so-called Euclidean sector 
to a Lorentzian sector occurs at the WKB level. These two sectors are represented by the wave 
packets with purely real and imaginary phases. These kinds of transitions are quite special and are 
called real tunneling. 

Here, we do not restrict the class C to regulär metrics only, since the derivation from Eq. (1) to 
Eq. (4) has already led to some jump discontinuitics in the extrinsic curvature at S. 

The main contribution to the path integral in Eq. (4) comcs from the stationary action 4-metric, 
which meets all requirements on the 3-surface S. At the WKB level, the exponential of the negative 
of the stationary action is the probability of thc corresponding Lorentzian trajectory. 

From thc above viewpoint, extending the class C to include metrics with some mild singularities is 
essential. Indeed, it is recognized that, in some sense, thc sct of all regulär metrics is not complete. 
For many cases, under the usual regularity conditions and the requirements at the equator S, 
there may not exist any stationary action metric, i.e. gravitational instanton. Therefore, it seems 
reasonable to include metrics with jump discontinuitics of extrinsic curvature and their degenerate 
cases, that is, the conical or pancake singularities [7]. 

If we lift the requirement on the 3-metric of the equator, then the stationary action Solution 
becomes the regulär gravitational instanton, as it satisfies the Einstein equation everywhere. Then 
the following Gibbons-Hartle condition should hold at the equator [8] 




(4) 



Kij = 0, 



(5) 



6 



where Kij is thc cxtrinsic curvaturc of thc cquator. The probability of the corresponding trajectory 
takes stationary value; it may bc maximum, mininium or ncithcr [9]. 

If the regulär gravitational instanton has mininium action, then the Lorentzian evohition ema- 
nating from it is singled out as the most probable trajectory. Therefore, quantum cosmology fuUy 
realizes its prediction power: there is no degree of freedom left [9]. Without using the instanton 
theory, the degree of freedom is only reduced to half by the ground State proposal. Roughly speak- 
ing, this is due to the regularity condition at the south pole of the Euclidean manifold in the path 
integral. 

If in addition, one needs to calculate the probability of a trajectory emanating from a given 
3-metric, then the extra requirement on S is so strong that no gravitational instanton exists, imless 
the 3-metric coincides with a sector of a regulär gravitational instanton. However, one can still find a 
stationary action trajectory from variational calculus. From the variational principle, the trajectory 
obeys the Einstein equation and other field equations on the 4-manifold with some exceptions on S, 
and the Gibbons-Hartle condition is no longer valid there. 

In this way one can find a irregulär gravitational instanton with some mild singularities within 
the class C . It is not a gravitational instanton in thc conventional sense, and is called a constrained 
gravitational instanton. Even if the action is stationary under the constraint of S, the action or the 
probability of the real tunneling associated with it will not be stationary when lifting the 3-metric 
requirements. This is in comparison within the set of all classical trajectories. 

In summary, the action of a constrained instanton is not necessarily stationary with respect to 
the so-called external parameters which characterize the 3-metric of quantum transition and matter 
field on it unless one seeks the most probable Lorc^ntzian trajectory. However, the action should 
be stationary with respect to the so-called internal parameters which are the rest of the contimious 
Parameters. In fact, if there exist some internal parameters, the action should be independent of 
them. The reason is as foUows: if the action depends on some of the internal parameters, then 
the instantons can be singled out from them by using the stationary action condition, and these 
parameters are not qualified and should be excluded from the very beginning. 

The occurrence of singularities here can be considered as a purely quantum effect at the WKB 
level. One should welcome the Situation, if he admits that Nature is quantum. Classically, one can 
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say that the Solution obeys the generalized Einstein equation in the whole manifold. 



III. The quantum state of the spacetime background 

It is believed that the universe at the Euchdean and inflation stage can be approximated by an 
Space and a de Sitter space with an affective cosniological constant A. In the Hawfcing massive 
scalar model [2], one can set A = Stoq^Sq, where (po is the initial value of the scalar ficld. A primordial 
black hole is sitting in the background of the de Sitter spacetime. A chargeless and non-rotating 
black hole with the de Sitter background can be described by the Schwarzschild-de Sitter spacetime. 
It is the unique spherically Symmetrie vacuum Solution to the Einstein equation with a cosmological 
constant A. The x Nariai spacetime is its degenerate case, and it represents a pair of black 
holes. 

Its Euclidean metric can be written as 

ds^=(l-^-^-^yr^+(l-'-^-^y\r^+r^dnl {r = it) (6) 

The black hole and cosmological horizons r2 and are determined by the factorization of the 
Potential 

2m Ar^ A , , , , , , , , 

A = l ^ = r-ro r-ra r-ra , 7 

r 6 or 

where vq is the horizon for the negative r. We are interested in the Euclidean sector ^2 < r < 
for < m < nie = A^^/^/3. For the extreme case m = rric the sector degenerates into the x 
Space, or the Euclidean version of the Nariai metric [5] . 

The surface gravities K2 and Ks on the two horizons are [4] 

«2 = J^irs - r-2)(r2 - ro), (8) 

Ks = 7— (^3 - r2){rs - ro). (9) 
ors 

A constrained gravitational instanten can be constructed as foUows [6]. In the (r — r) plane 
r = r2 is an axis of symmetry, the imaginary time coordinate r is identified with period 02 = 27rK^^, 
and is the Hawking temperature. This makes the Euclidean manifold regulär at the black hole 
horizon. One can also apply this procedure to the cosmological horizon with period ßs = 2nK^^, and 
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ß^^ is thc Gibbons-Hawking tcmpcraturc [4]. For thc x casc, thcsc two horizons arc idcntical, 
and onc obtains a regulär instanten. Exccpt for thc S*^ x spacctimc, onc cannot simultaneously 
regularizc thc wholc manifold at both horizons duc to thc incquality of thc two tcmpcraturcs. 

Onc can makc two cuts along t = consts. bctwccn r = r2 and r — and thcn idcntify thcm. 
Then a /2-fold covcr turns thc (r — r) plane into a conc with a deficit angle of 27r(l — at the 
black hole horizon. In a similar way, onc can havc an /3-fold covcr at thc cosmological horizon. To 
construct a Symmetrie manifold, /2 and /s can be any pair of real numbers satisfying the relation 

/2/32 = hßz. (10) 

Consequently, the parameter /2 or /s is the only degree of freedom left. One only needs to see 
whether the above action is stationary with respect to this parameter in order to make sure the 
manifold obtained is truly a constrained gravitational instanton. We set Ar = I/2/32I below. If /2 
or /s is different from 1, then the cone at the black hole or cosmological horizon will have an extra 
contribution to the action. The integral of K with respect to the 3-area in the boundary term of 
the action (2) is the area increase rate along its normal. Thus, the extra contribution due to the 
conical singularities can be considered as the degenerate form 

hdeficit = - ^ • 47rr^ • 27r(l - /a), (11) 

OTT 

h,deficit = ■ ^T^rl ■ 27r(l - h). (12) 

OTT 

The addition of the boundary term to the volume action is equivalent to the change from the 
extrinsic curvature representation to the metric representation. For our case, at the classical level, 
the momentum at the equator vanishes except for the two horizons. At the horizons, the pair of 
canonical conjugate variables can be described by the horizon area and the deficit angle. Taking 
into account the fact that the extrinsic curvature vanishes elsewhere, the terms Ii,deficit are the only 
nonvanishing Legendre terms. 

The volume term of the action for the manifold can be calculated as 

Ivoi = -^irl-4)hß2. (13) 

Using Eqs. (10) - (13), one can get the total action 

Itotai = -Ar2+rl)- (14) 
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This is onc quartcr of thc negative of thc sum of thc two horizon arcas. 

One readily noticcs that thc action is indcpcndcnt of thc choicc of /2 or fs. Our rcsult (14) 
shows that the constructcd manifold is indccd a constrained gravitational instanton, and /2 or 

is idcntificd as thc internal paramctcr. Wc can sct r = ±At/4 for thc cquator of thc quantum 
transition. Our calculation shows that no matter which flat fragment of the constrained gravitational 
instanton is chosen, the same black hole should be crcated with the same probability. Of course, the 
most dramatic case is that of no volumc, i.e. /2 = /s = 0. 

The probability of the black hole creation is 

P„«exp(7r(ri+r|)). (15) 
This result interposes two special cases [5]. The first is the de Sitter model with m = 0, 

Po«exp(^) (16) 
and the second is the Nariai model, or pair black hole creation, with m = mc, 

^c«exp(^). (17) 

The probability is an exponentially decreasing function in terms of the mass parameter. The de 
Sitter case has the maximum probability and the Nariai case has the minimum probability. 

If one includes an electromagnetic field into the model, one would be able to carry out a similar 
calculation [10] . One just simply replaces the potential by 

A=l- — + ^- — = -^(r - ro)(r - n){r - r2)(r - ra), (18) 

where Q is the charge parameter of the black hole. 

For the magnetically charged black hole case, the configuration of the wave function is the 3- 
metric and magnetic charge. However, the configuration for the wave function of an electrically 
charged black hole is not well defined [5] [6] [11] [12], if one naively uses the folding and gluing tech- 
niques described above. For the electric case, the configuration of the wave function is the 3-metric 
and the canonical momentum conjugate to the charge. In order to get the wave function for the 
Charge, one has to appeal to a Fourier transformation, by which the duality between electric and 
magnetic black holes is recovered. 
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One can also invcstigatc thc problcm of crcation of a rotating black hole, tliat is, of a Kerr- 
Newnian-de Sittcr black hole. Tlic configuration of thc wavc function from thc naive cutting, folding 
and gluing is thc 3-mctric, matter field and thc difFcrentiation rotation of thc two horizons. One has 
to use another Fourier transforniation to obtain the wave function for thc angular monicntuni. More 
crucially, only under this consideration, is the Euclidean action stationary, and our construction 
becomes meaningful. 

The probability of black hole crcation is the cxponential of a quarter of both black hole and 
cosmological horizon areas, or thc cxponential of the total cntropy. It is an exponcntially dccreasing 
function with respect to the mass, Charge amplitudc and angular momcntum. Thc de Sittcr spacetime 
without black hole is thc most probable evolution at the Planckian cra. Duc to the No-Hair thcorcm, 
thc problcm of a singlc black hole crcation in quantum cosmology has becn completcly rcsolved [6] . 

In this paper we study quantum fields in the Schwarzschild-de Sittcr black hole background only. 

The wholc scenario of the Schwarzschild-de Sittcr black hole creation is shown in Fig. 1. The 
S"^ Space {0 — (j)) is represented by a space around thc vertical axis. Thc radius of 5^ is r. The 
bottom part is the instanton, the uppcr part shows thc black hole crcated. It shows thc collapsing 
of the internal cdge of the doughnut from the black hole horizon into the singularity r = and the 
expansion of the external cdge from the cosmological horizon to r = oo. The cquator in space 
(r — r) and thc conical singularitics are not explicitly shown here. The observer can only measure 
the fields at one half of thc equator between the two horizons. 

The global aspect of thc scenario is depicted by the Penrosc-Carter diagram in Fig. 2. The 
Space {6 — (f>) is depresscd. There is an infinite sequence of diamond sliapc regions, singularitics 
r = and spacclike infinities r = oo. The scenario of thc black hole crcation can bc obtained by an 
Identification, for instance, with lincs ABC and DEF [13]. The cquator in thc instanton is identified 
as thc closed line BE here. We shall set t = and r = At/4 for line Si or OE and t = and 
T = -Ar/4 for the line S2 or BO. 

IV. The quantum state of the bosonic field 

New we are going to discuss the quantum state of perturbation modes in the Schwarzschild-de 
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Sitter spacctimc background. The quantum fields in the Schwarzschild spacetime background has 
bcen studicd [14] [15] [16] [17] [18] [19]. 

We shall show that the quantum State of the matter fields in the same black hole background is 
characterized by the parameter of the Identification period in the imaginary time. 

If we neglect the back reaction of the perturbations to the background, then the wave function 
of the universe for a fixed Ar, at the WKB level, can be written as a product [20] 



where ^(/i^j) is the wave function for the spacetime background, "^(hij^ip) is the wave fimction for 
the scalar perturbation modes and "^{hij, ip) is the wave function for the spinor perturbation modes. 
The contributions to the wave functions come from the classical trajectories which satisfy the no- 
boimdary condition. The internal time coordinatc emerges naturally from the wave packet "^{hij) 
for the backgromid. The Wheeler-DeWitt equation can be decomposed into several parts. The parts 
for the perturbation modes take the form of the Schroedinger equation in the spacetime background. 
It means, at the level of our approximation, the study of perturbation modes in quantum cosmology 
can be reduced to that of quantum fields in curved spacetime supplemented by the no-boundary 
condition. This is exactly what we are doing now. We shall defer the spinor case to the next section. 
The action of the scalar field ip is 



^{hij,ip,il}) = ^{hij)^{hij,ip)^{hij,i)), 



(19) 




(20) 



From the action one can derive the Euclidean equation of motion 



[□ - ml]ip = 0. 



(21) 



Its basis of Solutions are 



Wa,/mA = exp{TCOT)RulmA{r, 0, (j)) (w > o). 



(22) 



The eigenfunctions for the scalar field takes the form 



Ru,lmA{r, 0, 4>) = Ru,lA{r)Yirn{0, 0) 



(23) 
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whcrc Yiffi arc thc real sphcrical harnionics, Z,m dcnotc thc angular niomcntum magnitudc and its 
componcnt along a given dircction. and A is the label of the two independent radial functions. The 
radial function satisfies the equation 

^2 



— (r^ - 2mr + — — - + 1) + ö ir^ 

dr^ 3 'dr ^ ' i _ 2m ^ At^ 



2 2 
VrinT 



Ru>lA{r) = 0. 



(24) 



The eigenfunctions satisfy the orthonormality and completeness conditions in the space (r, 9, cj)) 
with the weight factor g'^'^g^^^. 

If one rescales the radial function by -R^mC^) = V2nrRuiA{r), then the equation takes the form 



d^R 



'UilA 



^2 +{u;^ -Vi)R^iA = (), 



where 



and 



dr 



To In |r - To I ^ r2 In |r — r2 1 



rs ln|r - rs] 



^. \{ro - r2){ro - r^,) (r2 - ro)(r2 - ra) (ra - r2)(r3 - ro) 



2m Ar2\ ( l{l + 1) 2to 2A 



'0 



(25) 



(26) 



(27) 



j,2 ^3 3 

For the given scalar field ^p±{r, 0,(j)) at the boundary S, the scalar Solution can be written as a 
linear combination 



(28) 



where r+ and r_ are to distinguish the r coordinate at Si and S2, and the basis functions are 

U\,±{t, r, 6, 0) = — T-r 7^77 RujlmA{r, 9, 0), 



sinh(ATa;/2) 

1 f°° 

X= {u},l,m,A), Yl,= ^K=i dujy^,- 
V V 27r Jo 



A V 

and the coefficients v'A.i are determined by the decomposition at the boundary S 



V± ir,0,(p) =^(px,±Rx (r, 9, 



(29) 
(30) 

(31) 



We shall assume that the observer is at the cut Si. 
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The Euclidean action can be evaluated by substituting (29) into (20), yielding 

Ig = ^ ^ [wA coth(Ara;A/2)(vA,+ + Va ,-) - 2wACOsech(ATa;A/2)vA,+</?A ,-] • (32) 

A 

The action can be rewritten into the form 

^ = ^E'^A[r?A,+ +<-]' (33) 

A 

where the new variables r]\^± are defined as follows 

^,,± = (^2 sinh ^) [e^™^/^7?,,± + e-^™^/^,?.,^] , (34) 

The no-boundary wave function at the WKB level is due to the regulär Solution with the 
boundary condition (31), it can be evaluated using the action (33) 



*]vb(¥'+,¥'-) ~ exp-/^ = exp ^-i^WA(?7A,+ +^A,-) J> (35) 

the wave function takes the Gaussian minimum excitation form. Thus, if one can simultaneously 
measure the quantum state within the whole transition sector, he will find that the scalar field 
is in the ground State of these modes, in the sense of usual quantum mechanics. However, the 
Observation is restricted by the two horizons and the quantum state will appear to be mixed due to 
the Information loss as we shall show later. 

The Operator version of the scalar field can be expanded in the Lorentzian spacetime as 

(y9(t , r, 6», 0) = ^ i — [aA,+WA ,- {t,r+,e,(t)) + a\ j^u\_(t,r+,e, 0) 



A 

+ aA,-UA^+(t, r_, 0) + a{ _uX4t, r_, ö, </.)]. (36) 

whcrc ßA.ijÖA ± ^^'^ ^^"^ amiihilation and crcation Operators associatcd with the modes (p\.± at Ei 
and Y,2- Each modc can bc considcrcd as a linear oscillator. Hcrc the modes ma,^ arc not of purcly 
positive or negative frequency due to the acausal propagation of the particles in the spacetime with 
nontrivial topology. 

In the i^A,± representation, one has [21] 

«A,± + 4,± = (2'^A,±)'/Va,±, (37) 
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Ii one expands the scalar field in terms of the modes r?A,±, then the associated annihilation and 



creation Operators ca,±, et , in a similar way satisfy 



1/2 



Ö??A,d 



From (34) one can derive 
1 



A,± 



2 sinh 



-1/2 



,A™a/4_ 



_ g-Aru'A/4 



'A,± 



^»7a,=i 



From Eqs. (34), (37)-(41) it follows that 



0'\,± = ( 2 sinh 



-1/2 



c\± + e" 



-ArwA/4 t 



-A.T 



(39) 

(40) 
(41) 

(42) 



Tliis is the familiär Bogoliubov transformation for bosonic ficld [22]. Thcrcforc for the obscrvcr, 
who can only obscrvc the modes <Pa,+ within the two horizons, the no-boundary state or vacuum 
State \Onb) in (35) will present the Planck spectrum for radiation at temperature At~^. Indeed the 
observer will detect 

{QnbWx^+üxM^nb) = _ ^ (43) 

particles in the mode (p\,+. To the observer the quantum state should be described by a density 
matrix, which represents a thermal equilibrium state at temperature At~^, as in the Schwarzschild 
case [17]. If the observer is in S2, then the Situation will be the same. 

For comparison, we show the so-called Boulware vacuum state observed at the quantum transition 
surface of the spacetime background [19] 



exp 



(44) 



which are separately defined on Si and S2. The Boulware modes are eigenfunctions of the Killing 
vector d/dt. 

Our result is well expected, since the constrained gravitational instanton with parameter /2 is 
the seed of the Schwarzschild-de Sitter spacetime background, the period of the imaginary time is 
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Ar. It is noticed from Eq. (15) that the probability of the temperature in the perturbation modes 
is constant. 

If m ~ 0, Our modcl is rcduccd to the de Sitter casc, the black hole horizon disappcars and 
the topology of the 3-geometry bccomes . The observer can measure the quantuni field in the 
whole equator S. If one analytically continues the basis functions (29) into real time at the quantum 
transition, then one obtains 

^^A,±(ij "T, 0, (ß) = {cosut =F i coth(ATa;/2) smut)RajimA{r, 0, (ß), (45) 

since the scalar field Operator is Hermitian, the appearance of the imaginary part of (45) is spurious. 
One can use the prescription for the analytic continuation from the imaginary time to the real time 
at El, that is, to set r = At/4 ± it and then take the average. Then the imaginary part in (45) 
is cancelled, the perturbation modes behave as standing waves, and the dependence of the later 
development on the parameter Ar is therefore completely erased. 

So the choice of the period in imaginary time used in constructing the instanton has eSect neither 
on the background, nor on the perturbation modes. At the initial moment the quantum State 
of the perturbation modes is strictly at the minimum excitation State allowed by the Heisenberg 
Uncertainty Principle, or the temperature is zero then [20]. If we keep using the Killing time, then 
the Situation will remain the same forever. 

However, it is more appropriate to use the so-called synchronous coordinates in cosmology [10] , at 
least for the background. In this coordinate, it would be convenient to decompose the perturbation in 
terms of the comoving modes. Then, the State will remain in the ground State with a time-dependent 
frequency which varies inversely with respect to the scale of the universe, as long as the wave length 
of the mode is smaller than the horizon. If the mode goes out the horizon, then its wave function will 
freeze, it becomes a superposition of a number of excited states due to the background evolution. 
This phenomenon leads to the formation of structures in the universe [20]. The calculation can 
be carried out more quantitatively by using the technique of the so-called squeezed vacuum state 
developed in quantum optics [23]. The quantum state observed is described by a density matrix 
obtained by taking trace of the wave function over the field configuration beyond the cosmological 
horizon. 

One can straightforward apply the above argument to the Nariai case. Since the two horizons 
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dcgcncratc, no tracc has to bc takcn if onc uscs thc coordinatc with thc Killing timc. Again, if onc 
uscs thc synchronous coordinatcs, thc quantuni statc wiU bchavc in a similar way as that in thc 
de Sittcr model. In summary, the constrained instanten approach keeps the de Sitter and Nariai 
modcls intact. 

In principlc, onc can also analyzc thc quantum State in the Schwarzschild-de Sitter background 
using the synchronous coordinates in a similar way. 



V. The quantum state of the fermionic field 

Now WC are going to analyzc thc spin-1/2 fermionic pcrturbation modcs. The theory of a quan- 
tized spin-1/2 field in the Schwarzschild Space [24] will be generalized to the case in the Schwarzschild- 
de Sitter Space. 

Thc Dirac spinor ij) can bc globally dcfincd in thc flat Minkowski spacc. However, in a curved 
Space, onc has to locally introducc a sct of orthonormal basis vcctors rcprcscntcd by the tetrad e° 
with respect to which the spinors tjj are dcfincd. Thc action of thc spinor field is 

JM \^ / ^ JdM 

where mo is the mass of the spinor. In the usual form, one has tp = ■tp^'y^. Here instead, we shall 
free the daggered variables from being the Hermitian conjugates of undaggered variables by twofold 
reason. First, it is due to the variational calculation technique. Second, it will leave room for the 
calculation below in Euclidean approach. The boundary term depends on the variational condition 
posed. Like in the purely gravitational case, we specify the 3-geometry on the boundary for action 
(2), here the boundary term is for the condition that the fermionic variables tp and ip are specified 
on the final surface Sf and initial surface Si if the two surfaces are properly defined. 
The Dirac equation can be derived from the action 

i-ir Va +mo) ^ = 0, (47) 

i> Va +^o) = 0. (48) 

For the Schwarzschild-de Sitter background, one can choose the tetrad along the coordinate 
basis [24] and a proper spinor representation. Then the Euclidean Dirac equation for ip in the sector 
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r2 < r < rs can bc writtcn 



I A + ^ + T73 + ■ n^j. + mo U = 0. (49) 

l A9r irdr irsin^' 9d9 irsmOdcß j 

The Dirac equation for can be treated in a similar way. 

One can choosc the representation of the Dirac matrices to be a direct product p® a oi two- 
dimensional Pauli matrices [24] 

7° = P2, ^^=ipi-, 7^ = -«Pso-s, 7^ = (50) 

then the basis of Solutions of Eq. (49) are 

??A = exp(=Fa;T)V'3[' (r, 6, 4>), 

\={w,k',m'), (51) 

whcrc the uppcr index ± means the positive (negative) frequency part. Then the eigenfunctions for 
the spinor field can be written as 

^±(r,Ö,.^) =r-iA-V2y,,„,(ö,0)V>±(r), (52) 

where the radial functions ipx{f) live in the p subspace, the spinor harmonics Yk'm' live in the a 
subspace, and k' and m' denote the eigenvalue of the foUowing Operators [21] [24] 

g^^sin^/^g a^d 

isinV^ööö ^^sinöö«/. ^^'^> 

and 

For the harmonics with a given total angular momentum j{j + 1) the degeneracy is 2(2j + 1). 
The radial function satisfies the equation 

/ p^iü p^d ip^k' \ , + , ^ „ 

[^-^ + l;:! - ^ + ™o j (r) = 0. (55) 

Let US study the spinor field at the surface of the quantum transition or S. One can decompose 
the spinor field as follows 
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+ mx-Vi'l{it,r-,e,(f)) + nx^^r]^ (ii, r-, 6», (/))], (56) 
{t, r, ö, (/)) = ^ [toa,+??a r+ . 6", </>) + nx,+fix ' 

A 

+ mx-f]xiit,r_,e,(p) + rix -fix{it,r_, 0,(1))], (57) 

where 

E = 7r/ '^S: (58) 

and the field ij), ip^ and the coefRcients m± , n± , fh± , n± are taken to be odd elements of a Grassmann 
algebra. It is noted that in the expansions (56) (57) we use the Kilhng time coordinate t. We 
imphcitly assume that the Lorentzian evolution is along the t increasing (dccreasing) direction at 
Si (S2). 

There is interference neither between different modes nor between those at Si and T,2. Thus it 
is enough to study individual modes separately. The Lagrangian for one mode is 

r - , _ Ad , 

Lx = 'mx{^-uJx)mx + nx{^+uj\)nx (59) 

and the Hamiltonian is 

Hx = ioxifhxmx- nxnx). (60) 
The quantum versions of mx,nx,fhx,nx obey the anti-commutation relations 

{mx,fnx} = l, {nx,nx} = l. (61) 

In the mx,nx representations, one has 

d _ d 

mx = , nx = — . (62) 

omx onx 

The Hamiltonian Operator can be written as 

Hx = ux { -mx^— + nx^] . (63) 



dmx dnx , 

Within the framework one can dehne the creation and annihilation Operators for the spinor field 
at El and S2 
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a\± = ^^, 4,±=mA,±, (64) 



bx,±=nx,±, 4,± = ^;^- (65) 

Then the vacuum state of the spinor field with respect to these Operators, or the wave function 
of the minimum excitation state for the field defined only at Si (S2), is 

'^B,±{hij,tp) =nx,±. (66) 

New we are going to evaluate the no-boundary wave function for the fermionic perturbation 
modes. At the WKB level, the wave function is the exponential of the negative of the EucHdean 
action for the classical Solution. The action (46) is suitable for the Solution with the boundary 
condition that the fermionic variables 1/; and V are specified at the final and initial surfaces, or Si 
and S2 respectively. 

The dominating contribution to the no-boundary wave function is due to the Euclidean Solution 
satisfying the above boundary condition. Since S is also the surface of quantum transition, at which 
or the moment t = the Lorentzian evolution will emanate, the spinor Solution in the Lorentzian 
regime can be obtained through an analytic continuation from that in the Euclidean regime and it 
can be written as a linear combination 

tp{t,r,9,(l)) = ^[mx,-'ilx{it,r+,0,(j))ex.p{-ATU)x/2) +nx-r]^{it,r+,9,(l))exp{ATUx/2) 

X 

+ mx.-ill{-it,r^,e,(f)) +nx-Vxi-it,r-,e,(p)], (67) 
tp{t,r,9,(l)) = ^[mx,+f]^{it,r+,e,(l)) +nx,+f]^{it,r+,e,(t)) 

X 

+ mx.+f]x{-it, r_, ö, (j)) exp(-ATWA/2) + nx,+f]x{-ü, r_, 6», (p) exp(ArwA/2)]. (68) 

To comply with the boundary term of the action (46), the coefRcients mx,+ ,nx,+ {rnx,-,nx,-) are 
determined by the decomposition of the field at the final and initial surfaces, or Si and E2 respec- 
tively. 

The Euclidean action can be evaluatcd by substituting (67) and (68) into (46). For the classical 
Solution, only the boundary term of the action survives, 

If = '^['mx,+mx,- exp{-ATu>x/2) + nx,+nx,- exp(ATWA/2)]. (69) 

X 
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The no-boundary wavc function for thc fcrmionic pcrturbations can bc written as a product of that 
for each mode. Therefore, the no-boundary wave function of mode A is 



'^NBihij,mx^+,mx-,nx,+,nx-) w exp-//,^ 

= 1 - mx,+mx- exp(-A™A/2) - nx,+nx- exp(A™A/2) + mx,+mx-nx,+nx,- 
To interpret (70), it is convenient to introduce the Operators 



CA,± 



2cosh 



Atujx 



-1/2 r 



d 



dx±= I 2 cosh 



Aru:_xy"\ 



dmx,± 



±e 



nx,± T e 



-Atuix/4:_ 



mx,^ 

d 



dnx-. 



and their adjoint 



(70) 

(71) 
(72) 

(73) 

8nx,. ' ^ ■ ^''^ 

These Operators are the creation and annihilation Operators which satisfy thc corresponding anti- 
commutative relations. It is noted that if one sets Ar = oo, then Eqs. (71) to (74) will be reduced 
to Eqs. (64) (65). One can verify that the no-boundary wave function (70) is the ground State with 
respect to these Operators. That is, one has 



2 cosh 



d 



2 cosh 



2 

Atujx 



9mA,: 



-1/2 



d 



CX,±^NB{hij,i^) = 



(75) 



and 



dA,±*JVß(/iij,V') = 0. (76) 

Therefore, if there exists an omniscient being who can perceive the quantum State on the whole 
surface of quantum transition, he would find that the spinor modes are in a pure State, and even 
more than this, that is the State is in vacuum. However, the reality is that one can only observe the 
quantum state within his black hole and cosmological horizons, say at Si. Since the Information 
beyond these horizons is lost, he would find that the quantum state is described by a density matrix. 
In fact, one can even expect that it is in a thermal equilibrium state, as we shall show below. 
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From Eqs. (64)-(65)(71)-(74) onc can dcrivc the foUowing relations: 



a,,± = (2cosh^y'^' e^™^/4cA,±Te-^™^/M,T (77) 



and 



2 cosh ■ 



(78) 



2 J 

These are the Bogoliubov transformations for fermionic fields. The sign differences are due to 
the fact that m (n) modes are associated with the positive (negative) frequency part of the Solution. 
Since the direction of KiUing time vector flips at surfaces Si and S2, there exists a duahty of creation 
and annihilation processes between surfaces Si and S2. Therefore, the vacuum state observed by 
the omniscient being appears as a thermal equilibrium state for the ordinary observer like us who 
is restricted by the two horizons. The associated temperature is the inverse of Ar as shown by 
(77)-(78). Indeed the observer will detect 

{ONB\al+ax,+ \ONB) = ^KT^TTl ^^^^ 

particles in mA,+ mode and 

{ONB\bl+bx,+ \O^B) = -^ÄT^TTl 
particles in n\^+ mode. If the observer is in S2, then the Situation will be the same. 

The alternative way to show this thermal property of the state observed at Si (S2) is to reduce 
the wave function into a density matrix by taking the trace over the unobserved configuration at 
S2 (Si) [17]. 

The argument about the two special cases, the de Sitter and the Nariai models in the last section 
remains intact for the spinor field. If one sets m = 0, then the model is reduced to the case of the 
spinor field in the de Sitter background [25]. 



VI. Discussion 

The possibility of quantum creation of a Single black hole in the de Sitter background has been 
argued for a long period of time. The reason is that there does not exist any regulär gravitational 
instanton which is the seed of the created hole. However, in quantum theory, one is mainly concerned 
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about thc stationary action Solution. If onc can find a stationary action Solution, thcn thc wave 
function can bc approximatcd by a classical trajectory. Thc stationary action Solutions arc not 
always thc Solutions to thc ficld cquation. Thc sct of all Solutions to the classical ficld cquations is 
only a subsct of thc class of all stationary action Solutions. In this sense, wc introducc thc conccpt 
of constraincd instanton. In quantuni cosmology wc arc particularly intcrcstcd in the constrained 
instantons for which thc 3-gcomctry of thc quantuni transition surface is givcn. 

Wc find that thcrc cxists a free parameter in thc constraincd gravitational instanton for the 
black hole creation in thc de Sitter background. This is thc Identification period of iniaginary time 
in constructing the instanton. It is naturally expected that thc inverse of this parameter should 
be the tenipcraturc of quantum ficlds in thc spacetime background. Wc studied both bosonic and 
fermionic perturbation niodes and confirmed that this was indecd thc casc. 

It was thought that in the Schwarzschild-dc Sitter space, thc quantum State of thc perturbation 
could never be in thermal equilibrium, since thc temperatures associated with the two horizons arc 
different. It turns out that Nature is more generous than wc expected. The quantum fields can 
coexist with the black hole spacetime in an equilibrium State at an arbitrary temperature. 

When WC discusscd thc quantum State of the perturbation modes, wc treated spacetime as a 
classical background. Wc ignored both the interaction between the gravitational and thc matter 
ficld modes and the back reaction of the perturbation modes to the background. We assumed that 
their effects wcre negligible. 

Quantum fields in curved spacetime is an incompletc and temporary theory. Practically, it can 
only bc useful for some very Symmetrie backgrounds. Conceptually, one can foresee a very dramatic 
revolution in this direction in the not so distant future. 
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